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Abstract Open jet wind tunnel testing provides an alternative solution to expensive online wind power
measurements for researchers and small wind turbine developers. However, there is a lack of knowledge
for high Reynolds number and large diameter jet flows. In this paper, the structure of circular open jet
flows is reviewed. Theories and experimental correlations are combined to extend our understanding of
fully developed turbulent jets. Analytical relations are derived to calculate the correct wind power of the
jets. The corresponding reduction in power generated by small wind turbines is explained. The effects of
various parameters on the power production of a small wind turbine, such as the jet diameter, the distance
of thewind turbine from the jet nozzle and thewind turbine hub diameter, are investigated and the results
are discussed.

© 2012 Sharif University of Technology. Production and hosting by Elsevier B.V. All rights reserved.

1. Background introduction and literature review

There are many reasons for researchers to test a wind tur-
bine using wind generating facilities. These include measuring
power curves andwind loads, investigating the power and aero-
dynamic performances of blades, visualising the flow structure
of the spiral vortex generated by the wind turbine wake and
aero-acoustic measurements [1–4]. In all the above, the crucial
point is to simulate a wind turbine as realistic; as it happens
in real life and in wind fields. Unfortunately, true nature is not
very predictable and wind speeds and directions may rapidly
and randomly change from time to time [5,6]. The flow struc-
ture and its turbulence intensity and eddy sizes, also depends
on wind and the topology of the wind site.

From an aerodynamic point of view, wind turbine blades
should be designed as efficiently as possible. This can be
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achieved by maintaining the maximum lift coefficient across
different sections of the wind turbine blade, using appropriate
aerofoil sections and tuning twist angles at different sections
of the blade [7]. The main assumption, however, is to treat
the wind speed, Uo, as completely uniform across the rotor of
the wind turbine. However, from a practical point of view, for
wind laboratory designers, it is extremely difficult and also very
expensive to achieve a uniform flow.

Alternatively, wind turbines can be scaled down and their
characteristics investigated using open jet wind generating
facilities to predict their performance in wind farms. Compared
to traditional wind tunnel testing, an open jet wind generating
facility offers more capabilities and features for testing wind
turbines. This paper will address the structure of turbulent jet
flows in open jet wind generating facilities.

In the majority of turbulent jets studied theoretically or
experimentally, the wind speed, Uo, is always assumed uniform
and constant at the outlet of the nozzle. Traditional jets can
be experimentally generated by discharging air from a high
pressure vessel into ambient air for a short period of time,
producing jets with small diameters [8–15]. Therefore, a near
to uniform flow could be achieved just at the exit of the nozzle.
However, shear layers develop just after the outlet of the jet and
flow uniformity is smeared into a near Gaussian distribution.
Therefore, it is essential to consider the correct velocity profiles
for calculating the wind power of jets. Moreover, the majority
of experiments have been conducted using small diameter
jet sizes. For example, Trupel [16] used a nozzle diameter of
0.09 m and air speed 87 m/s. This experimental apparatus is
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Nomenclature

A Area (m2)
a Constant
b Value of r at u = um/2 (m)
b̄ Length scale (m)
C Constant
C1, C2 Constants
Cp Power coefficient
d Jet (or nozzle) diameter (m)
F(φ) Function of φ
F ′ First derivative of F with respect to φ
F ′′ Second derivative of F with respect to φ
g(ξ)(= u/um) Dimensionless speed
k, k̄ Constants
P Power (W)
p Static (or thermodynamic) pressure (Pa)
p∞ Pressure outside jet (Pa)
Pjet Power of jet (W)
PT Power of wind turbine (W)
Qo Volume flow rate at nozzle (m3/s)
Q Volume flow rate at distance x (m3/s)
R Jet radius
Re Reynolds number
r Radial direction (m)
ro Hub radius (m)
(r, φ, z) Cylindrical coordinate system
Uo Jet speed (m/s)
u Velocity (m/s)
um Maximum velocity (m/s)
ve Entrainment velocity (m/s)
(vr , vφ, vz) Time averaged mean velocities in (r, φ, z)

directions
(v′

r , v
′

φ, v
′
z) Velocity fluctuations

v′2
z , v

′2
r , v

′2
ϕ , v

′
rv

′
z, v

′
rv

′
ϕ, v

′
zv

′
ϕ Reynolds or turbulent

stresses
x Distance from jet nozzle (m)
xpc Length of potential core (m)

Greek Letters

αe Entrainment coefficient
β Constant
ξ(= σ r/x) Dimensionless distance
ε Constant
η(= r/b) Dimensionless distance
ϕ(= r/ax) Dimensionless distance
ℓ Prandtl’s mixing length
µ Molecular or dynamic viscosity (Ns/m2)
ρ Density (kg/m3)
ψ Stream function
σ Constant
τ Turbulent shear stress (N/m2)
χ Wind power ratio
χT Wind power ratio with wind turbine

not appropriate for conducting wind turbine testing. Therefore,
it is important to design open jet wind tunnels that provide
continuous and almost uniform wind speeds.

Another approach to studying turbulent jet flows is com-
putational fluid dynamics (CFD). Many CFD simulations have
been conducted for low Reynolds number jet flows, such as

Re = 95,500; [17] Re = 2000; [18] Re = 41,336; [19] and
5000 < Re < 20,000 [20]. For practical cases, such as an
open jetwith a large diameter, e.g. 1.5mdiameter, the Reynolds
number (Re) can be very high in the order of several million:

Re =
ρU0d
µ

=
1.23 kg/m3

× 30 m/s × 1.5 m
1.983 × 10−5 kgm/s

≈ 2.8 × 106, (1)

which is considerably higher than Reynolds numbers cited in
the above or similar references in CFD simulations of turbulent
jet flows. Here,ρ is the air density under standard conditions,Uo
is the jet speed, d is the jet diameter and µ is the air molecular
or dynamic viscosity. For instance, for a small wind turbinewith
a rotor diameter of 1.5 m, which works at a cut-in speed of
12 m/s, the Reynolds number is generally from 2 × 105 to
1.1×106, respectively. For a cut-outwind speed of the Reynolds
number is higher and equals 2.8 × 106. Therefore, it is very
important to test or simulate wind turbines at high Reynolds
numbers in the order of millions.

This work endeavours to overcome the above problems
with experiments and CFD simulations for designing an open
jet wind tunnel. The velocity profiles, at different sections,
in a fully developed region of turbulent jets, are similar,
which can be superposed into a single similarity velocity
profile. Thus, wind power can be calculated using this velocity
distribution at different sections. This enables us to extend our
understanding of high Reynolds number and large diameter
jet flows. Moreover, some simple fan driven wind laboratories,
similar to Villar-Ale et al. [21], have suffered from lower
predictions of power generated by small wind turbines at a
rated speed (see [22]). Although Villar-Ale et al. [21] have
shown good agreement between power measurements and
rated power for some small wind turbines, using a fan driven
open jet, private correspondence with them confirmed that
further open jet wind tunnel testing was undertaken. This work
will also address the issue of testing small wind turbines in a
fully developed open jet and the consequence of a reduction in
the power generated at the rated wind speed.

In this paper, in Section 2, methodologies and mathematical
approaches are developed for calculating the wind power
of circular turbulent open jets. New Gaussian correlations
are obtained for velocity profiles across the jets in the fully
developed region. In Section 3, analytical solutions are obtained
for the wind power ratio and the results are compared and
discussed for open jet diameters from 0.2 to 2 m. As a case
study, a small wind turbine, with a hub radius of r0 = 0.1R and
Cp = 0.4, is considered. The natural wind power dissipation
of jets and the power loss due to testing the wind turbine
encountered within the jet are presented. Additionally, the
effect of hub to rotor diameter ratios from 0.1 to 0.5 on power
loss is presented for the smallwind turbine. Finally, in Section 4,
conclusions are drawn and further work outlined.

2. Methodologies and mathematical development

2.1. Structure of circular turbulent jet flows

Rajaratnam [23] has extensively reviewed theories and ex-
periments regarding turbulent jets. The structure of a free cir-
cular turbulent jet is sketched in Figure 1, in which two distinct
regions of a flow development region (undeveloped) and a fully
developed flow region are identified frommeasurements of the
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Figure 1: Schematic of a free circular turbulent jet structure and terminol-
ogy [23].

mean turbulent velocity. A virtual origin inside the nozzle is de-
fined for different jet flows, as shown in Figure 1. Moreover,
within the region close to the nozzle, also known as the poten-
tial core, the jet speed remains uniform and equal to Uo.

For a circular jet of diameter ddischarging fromanozzlewith
a uniform velocity, Uo, into a large motionless mass of the same
fluid, it is found that the size of the jet increases steadily as it
leaves the nozzle, as sketched in Figure 1. The cross section,
1–1, distinguishes between the undeveloped (potential core)
and fully developed flow regions.

In uniform winds, the wind power for the airspeed, U0, at a
circular sectional area, A =

π
4 d

2, is determined by:

P =
1
2
ρAU3

0 . (2)

For non-uniform velocity distribution in jet flows, the wind
power can be calculated by:

P =
1
2
ρ


2πru3dr = ρπ


ru3dr, (3)

where, r is the radius from the jet axis and u is the correspond-
ing local wind speed.

Due to the velocity discontinuity at the nozzle exit (ambient
air with zero speed), shear stresses are set up and a shear layer
with inner and outer edges originates. The experimental results
of Rajaratnam et al. [24] have shown that α1, the angle of the
inner edge of the shear layer with respect to the jet axis, is
about 5.7°, whereas α2, the angle of the outer edge, is about 9°.
Therefore, the length of the potential core or flow development
region (xPC ) can be estimated by:

xPC =
d/2

tan(5.7)
, (4)

where d is the nozzle diameter.
For the fully developed region at any cross section, velocity

u decreases continuously from a maximum value, um, from
the centreline of the jet to zero, for large values of r at the
jet boundary. As shown in Figure 2, flow similarity has also
been experimentally observed by plotting the non-dimensional
speed, u/um, versus the distance, r/b, where b is the value of r
at which u = um/2 [25,26].

Using suitable numerical or experimental visualisation
techniques, it can be observed that the jet mixes violently with
the surrounding fluid, creating turbulence [17,27]. So, the jet
entrains a considerable amount of the surrounding fluid as it
travels forward. This means that if Qo is the flow rate from the
nozzle and if Q is the flow rate in the jet at any distance, x, then,
the ratio, Q/Qo, is greater than unity and increases with x.

Figure 2: Flow similarity for velocity distribution of free turbulent circular jets,
Trupel observations.
Source: Reproduced from [16].

For a circular jet, Q can be determined by integrating the
local jet speed, u, over the elemental area, dA = 2πrdr , for the
radius, r , from zero (axis of jet) to the outer boundary of the jet
(or 8), as follows:

Q =


∞

0
2πr udr, (5)

and the entrainment velocity, ve, is obtained from:

dQ
dx

= 2π b̄ve, ve = αeum, (6)

where b̄ is a length scale and αe is the entrainment coefficient
to be determined experimentally.

2.2. Analysis of circular turbulent jet flows

The Reynolds Averaged Navier–Stokes (RANS) equations of
motions and continuity equation are given in the cylindrical
coordinate system (r, φ, z) for steady axisymmetric turbulent
flows as follows [28,29]:

vr
∂vr

∂r
+ vz

∂vr

∂z
−
v2φ

r

= −
1
ρ

∂p
∂r

+ ν


∂2vr

∂r2
+

1
r
∂vr

∂r
−
vr

r2
+
∂2vr

∂z2



−


∂v′

r2
∂r

+
∂v′

rv
′
z

∂z
+
v′
r2
r

−
v′

φ2

r


(7a)

vr
∂vφ

∂r
+ vz

∂vφ

∂z
+
vrvφ

r

= ν


∂2vφ

∂r2
+

1
r
∂vφ

∂r
−
vφ

r2
+
∂2vφ

∂z2



−


∂v′

rv
′

φ

∂r
+
∂v′

φv
′
z

∂z
+ 2

v′
rv

′

φ

r


(7b)

vr
∂vz

∂r
+ vz

∂vz

∂z

= −
1
ρ

∂p
∂z

+ ν


∂2vz

∂r2
+

1
r
∂vz

∂r
+
∂2vz

∂z2



−


∂v′

rv
′
z

∂r
+
∂v′

z2
∂z

+
v′
rv

′
z

r


(7c)

∂rvr
∂r

+
∂rvz
∂z

= 0, (7d)
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where p is the static (or thermodynamic) pressure, ρ is the
density and (vr , vφ, vz) are the time averaged mean velocities
in (r, φ, z) directions, respectively. The velocity components
(v′

r , v
′

φ, v
′
z) are the velocity fluctuations from the mean

values. Compared with Navier–Stokes equations, the extra
terms, such as v′

z2, v′
r2, v

′

φ2, v′
rv

′
z, v

′
rv

′

φ, v
′
zv

′

φ are appeared
in RANS equations, which are called Reynolds or turbulent
stresses. These stresses are much higher in value than the
viscous laminar stresses and are normally calculated using CFD
methods and different turbulence models.

For non swirl and high Reynolds number jet flows, the
following assumption can be used to simplify the above
equations of motion:

1. Non swirl jet flows: vφ = 0 (all terms containing vφ and its
derivatives can be eliminated from Eq. (7)) is assumed.

2. Flow gradients in the radial (r) directions are much larger
than in the axial direction (z); vz ≫ vr .

3. Turbulent shear stresses are bigger than viscous laminar
stresses, which are ignored.

4. Turbulent normal stresses are approximately equal in radial
and peripheral directions [27].

Based upon the above assumptions, the RANS Eq. (7) are
simplified as followd (see [23]):

1
ρ

∂p
∂r

= −
∂v′

r2
∂r

(8a)

vr
∂vz

∂r
+ vz

∂vz

∂z
= −

1
ρ

∂p
∂z

−


∂v′

rv
′
z

∂r
+
v′
rv

′
z

r
+
∂v′

z2
∂z


(8b)

∂rvr
∂r

+
∂rvz
∂z

= 0. (8c)

We may integrate Equation (8a) with respect to r , from a point
inside the jet (r) to a point outside the jet (8a), to obtain:

p = p∞ − ρ v′
r2, (9)

where p∞ is the pressure outside the jet.
Differentiating Equation (9), with respect to z and using the

continuity equation in the form of:

∂rv′
z

∂z
= −

∂rv′
r

∂r
,

themomentumEq. (8b) in an axial (z) direction can be rewritten
as follows:

vr
∂vz

∂r
+ vz

∂vz

∂z
= −

1
ρ

dp∞

dz
+

1
ρr
∂rτ
∂r
, (10)

where τ = −ρ v′
rv

′
z is the Reynolds or turbulent shear stress.

For open jet flows, the pressure gradient, dp∞/dz, is nearly zero.
As a result, the final simplified equations can be written as:

vr
∂vz

∂r
+ vz

∂vz

∂z
=

1
ρr
∂rτ
∂r

∂rvr
∂r

+
∂rvz
∂z

= 0.
(11)

2.3. Tollmien method

The governing equations of motion Eq. (11) can be solved
using the Tollmien method. In this method, the Prandtl mixing
length hypothesis was used to express the turbulent shear

stress [30].

τ = ρ ℓ2(∂vz/∂r)
2 (12)

where ℓ = β b = Cz is the mixing length and (β, C) are
unknown constants. From this point forward, z is substituted
by x and (vz, vr) by (u, v), for ease of notation and comparable
results with Cartesian coordinate planar jet flows. A stream
function, ψ , was used to express velocity components as:

vz =
1
r
∂ψ

∂r
≡ u =

1
r
∂ψ

∂r

vr = −
1
r
∂ψ

∂z
≡ v = −

1
r
∂ψ

∂x
.

(13)

Based upon several mathematical manipulations, Eq. (11) were
combined into a single ODE equation as follows (see [23] for
details):
F ′′

−
1
φ
F ′

2

= FF ′ (14)

where:

F(φ) =

 φ

0
φ g(φ)dφ. (15)

Here,φ = r/ax is a dimensionless distancewith a constant, a =

C2/3 and g(φ) = u/um is a dimensionless speed. The derivatives
of F are simply determined fromEq. (15), e.g. F ′

= φ g(φ). From
the above and also from a dimensional analysis for the circular
jet, it can be shown that:

um

U0
=

C1

x/r0
Q
Q0

= C2
x
r0

(16)

where C1 and C2 are constants, x is the sectional distance of the
jet from a virtual origin and r0 is the radius of the nozzle.

A series solution was obtained to Eq. (14) using the above
boundary conditions [30]:

r = 0, φ = 0, u = um;

F ′/φ = 1, F ′(0) = 0
r = 0, φ = 0, v = 0;

F ′
= F/φ, F(0) = 0

r = ∞, φ = ∞, u = 0;

F ′/φ = 0, F ′(∞) = 0

(17)

from which, u/um and v/um at various values of φ = r/ax and
η = r/b were tabulated in [23] adapted from [16]. These data
are used to find a suitable fit function for jet speed in the axial
direction, i.e. u/um. A symmetric Gaussian function is fitted to
the data as follows:
u
um

= Exp(−0.697η2) = Exp(−0.453φ2). (18)

In Figures 3 and 4, the fitted functions (Eq. (18)) are compared
with numerical data from the Tollmien solution. This is a
simple Gaussian model with acceptable accuracy to provide
analytical solutions to thewind power of turbulent circular jets.
An acceptable standard error value of 0.03 and a correlation
coefficient of 0.99 are calculated for the fitting functions
(Eq. (18)). These measures on goodness of fit are explained in
Section 2.6.
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Figure 3: Generalised velocity profile for a circular turbulent jet versus
φ = r/ax.

Figure 4: Generalised velocity profile for a circular turbulent jet versus
η = r/b.

Figure 5: Comparison of Tollmien and Goertler type solutions with Reichardt’s
experiments [16].

Experimental observations of Reichardt from [16] show that
the Tollmien solution describes experiments very well, except
near the axis of the jet, which is slightly lower. Figure 4 shows
that the Gaussian fit function has improved this deficiency by
better agreement with experiments (see Figure 5).

Moreover, the maximum jet profile speed was shown as
a decreasing function of distance from the jet origin, as
follows [30]:

um

U0
=

0.965
ax/r0

, (19)

where a is constant to be determined from experiments.

2.4. Goertler method

In the Goertler method, a different dimensionless variable,
ξ = σ r/x, than that of Tollmien, was used, where σ is an
unknown constant and g(ξ) = u/um is a dimensionless speed.
The governing equations of motion (Eq. (11)) were solved using
the Prandtl eddy-viscosity model, defined for turbulent shear
stress as follows [31]:

τ = ρε
∂u
∂r
, (20)

where ε = kumb and k is a constant. Taking b = C2x and um =

n/x with n = C1U0r0, it can be shown that ε = k n
x C2x = knC2

is independent of x. With the shear stress model (Eq. (20)) and
this, it is concluded that the circular turbulent jet has a constant
eddy viscosity similar to that of a laminar circular jet with a
difference of ε/ν = kC1C2(U0d/ν) and:

τ = ρknC2
∂u
∂r

=
k̄nσ
x2


F ′′

ξ
−

F ′

ξ 2


, (21)

where k̄ = ρknC2 and:

F(ξ) =

 ξ

0
ξg(ξ)dξ . (22)

The Stokes stream function, ψ , may also be rewritten as:

ψ =

 r

0
rudr =

 ξ

0
umg(ξ)

ξx2

σ 2
dξ =

nx
σ 2

F(ξ). (23)

From Eqs. (13) and (23), we may obtain u = nF ′/ξ and
v = n(F ′

− F/ξ)/ξσ xσ x. Substituting these and Eq. (21)
into the equations of motion (Eq. (11)) and adopting σ =

1/
√
kC2, the following ODE, known as the Goertler equation,

was obtained [31]:

F ′
− ξF ′′

= FF ′. (24)

The Goertler equation is similar to [28] for the laminar circular
jets. The boundary conditions for Eq. (24) are given by:

r = 0, ξ = 0 or u = um;

F ′/ξ = 1, F ′(0) = 0
r = 0, ξ = 0 or v = 0;

F ′
= F/ξ, F(0) = 0

r = ∞, ξ = ∞ or u = 0;

F ′/ξ = 0, F ′(∞) = 0.

(25)

The analytical solution to Eq. (24) was given in [23] as follows:

F =
0.5ξ 2

1 + 0.125ξ 2

u
um

=
1

(1 + 0.125ξ 2)2

v

um
=

ξ − 0.125ξ 2

2σ(1 + 0.125ξ 2)2
.

(26)
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Figure 6: Generalised velocity profile for a circular turbulent jet versus
ξ = σ r/x.

Figure 7: Generalised velocity profile for a circular turbulent jet versus
η = r/b.

The turbulent jet speed profile in axial direction u/um from
Eq. (26), can also be easily transformed as a function of η, using
σb/x = 1.81 for the sample data from [23]. Here, for simplicity,
the similar Gaussian function is used to substitute Eq. (26) as
follows:
u
um

= Exp(−0.61η2) = Exp(−0.186ξ 2) (27)

In Figures 6 and 7, the fitted curves (Eq. (27)) are compared
with the analytical expression from the Goertler solution. An
acceptable standard error value of 0.037 and a correlation
coefficient of 0.994 are calculated for the fitting functions
(Eq. (27)).

The fit function is in better agreement with experimental
observations of Reichardt (from [16]) in outer regions from the
axis of the jet, where Goertler overpredicted experiments (see
Figure 5). Moreover, from the integral momentum equation:

um

U0
=

σ

1.61
1

x/r0
, (28)

where σ is a constant to be determined from experiment.

2.5. Experimental correlations for circular turbulent jets

Fellouah et al. [32] has studied the Reynolds number effects
within the development region of a turbulent round free jet

Figure 8: Similarity of velocity profiles for a fully developed planar turbulent
jet at various stations.

Figure 9: Velocity profiles at x = 1m, σ = 9 for the fully developed planar
turbulent jet.

on near to intermediate distances (0 ≤ x/D ≤ 25) using hot
wire anemometry. Further experimental studies were con-
ducted by Tummers et al. [33] on impinging jets and by Ma-
ciel et al. [34] on swirl effects of a turbulent round jet, using
LDV, PIV and, also, LES methods. Our recent experimental work
(Chaparian et al. [35]), carried out in a 60 cm × 60 cm wind
tunnel, confirms the similarity of velocity profiles for a fully de-
veloped planar turbulent jet (see Figure 8).

It was also found that the Goertler approach has been
better matched with experimental data, compared with the
Tollmien approach, for a fully developed planar turbulent jet
(see Figure 9).

However, previous experimental results of Trupel (see [16])
and (see [28]), for a circular open jet, agree well with the
Tollmien approach. In the experiments by Trupel, for a circular
jet with the radius of the nozzle equal to 0.045 m and a velocity
of the velocity distribution at the nozzle was almost uniform,
which gives a = 0.066. Therefore, the Tollmien solution
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(Eq. (19)) becomes:

um

U0
=

7.32
x/d

. (29)

For non-uniform velocity distribution, other researchers esti-
mated larger values for a, depending on uave/um and the tur-
bulence level of the jet.

The experiments of Reichardt give σ = 18.5 for the Goertler
solution (Eq. (28)), as follows:

um

U0
=

5.75
x/d

. (30)

Due to uncertainty regarding the above observations, the fol-
lowing were suggested for practical purposes by
Rajaratnam [23]:

um

U0
=

6.3
x/d

b = 0.1x
(31)

where x, here, is the distance from the jet outlet and d is the
diameter of the jet. The experimental correlation (Eq. (31)) and
Gaussian fit functions (Eqs. (18) and (27)) have been used to
calculate the characteristics of practical open jets and the power
generation of small wind turbines under laboratory testing.

3. Case study and simulations

3.1. Wind power ratio for an open jet

Thewind power ratio of a circular jet with radius of Rmay be
defined as the ratio of fully developed turbulent jet wind power
to the jet power of a uniformwind speed,U0, at the same radius,
R, as follows:

χ =
1/2ρ

 R
0 2πru3dr

1/2ρAU3
0

=
2
 R
0 ru3dr

R2U3
0

. (32)

Using Eq. (31) and the Tollmien fit function (Eq. (18)), the wind
power ratio may be rewritten as:

χ =


2
R2


um

U0

3  R

0
r[Exp(−0.697η2)]3dr

=


2
R2


6.3 × 2R

x

3

×

 R

0
r

Exp


−0.697

 r
0.1x

23
dr (33)

and simplified to:

χ = 9.567
R
x


1 − Exp


−209

R2

x2


. (34)

Similarly, we may obtain the wind power ratio using the
Goertler fit function (Eq. (27)) as follows:

χ = 10.931
R
x


1 − Exp


−183

R2

x2


. (35)

The significance of the above findings is that both Eqs. (34) and
(35) have accurately predicted the length of the potential core
given in Eq. (4) indirectly. For example, for a turbulent jet, with
R = 0.1m, the jet flow becomes fully developed at a distance of
x = 0.9−1m = r/r tan 5.7 tan 5.7,which is in good agreement

Figure 10: Wind power ratio for fully developed turbulent jets with different
radii at different distances from the jet origin; for each pairs: Tollmien (lower
curves) and Goertler (upper curves).

with Rajaratnam et al. [24] in Eq. (4). Moreover, thewind power
rapidly loses more than 50 percent of its energy at a distance of
x = 1.4 m from the nozzle exit, at the core radius R = 0.1 m,
i.e. the Tollmien equation (39): χ = 0.448 and the Goertler
equation (40): χ = 0.474.

In Figure 10, comparison is made between the power ratio
values obtained from Tollmien (lower curves) and Goertler
(upper curves) at various jet radii and jet distances from the jet
outlet. As observed, larger diameter jets become fully developed
at larger distances and the rate of their power loss is smaller.
For instance, a turbulent jet with radius of 0.5 m (1m diameter)
will become fully developed at a distance of 4.5–5 m and will
dissipate 50% of its energy at a distance of nearly 7 m (see
Figure 10). First, this means that if a wind turbine is tested at
7 m distance, then, the wind power may be measured 50% less
than the expectedmanufacturer rated power at the rated speed.
Second, if a cup anemometer is placed at somedistance from the
wind turbine and at an optional radius from the jet axis, then,
wind power measurements can be erroneous and significantly
lower than the rated power; see Villar-Ale et al. [21].

Furthermore, it is evident that an open jet with radius of
1 m (2 m diameter) will become fully developed at a distance
of 9–10 m from the jet exit and, therefore, is a much better
choice for practical wind turbine testing within the potential
core of an open jet. Such an open jet facility has recently become
operational at Delft University of Technology [36].

3.2. Wind power ratio for an open jet encountering a wind turbine

Thedevelopment of innovative smallwind turbine technolo-
gies is of growing interest to the wind energy community. Our
recent work in the design of small stall regulated wind tur-
bines [7] has indicated the need to provide site-specific small
wind turbines that incorporate innovative designs and newma-
terials of construction, leading to better performance. Consider
a wind turbine with rotor radius R located in a fully developed
turbulent jet with the same radius. The wind power absorbed
by the wind turbine can be calculated as follows:

PT =
1
2
ρCp

 R

r0
2πru3dr, (36)

where Cp is the power coefficient limited by the Betz value
of 0.593, theoretically. In practice, Cp may be varied from the
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values of 0.3 to 0.5. For most efficient small wind turbines, the
Cp value can reach 0.4, as adopted here. In Eq. (36), ro is the rotor
hub radius. In order to calculate the wind power ratio, the jet
wind power should be subtracted from the power dissipated by
the wind turbine hub and the wind turbine blades as follows:

PJet =
1
2
ρ

 R

0
2πru3dr −

1
2
ρ

 r0

0
2πru3dr

−
1
2
ρCp

 R

r0
2πru3dr. (37)

Therefore, the wind power ratio may be expressed by:

χT =


1/2ρAU3

0 )
−1(1/2ρ

 R

0
2πru3dr

− 1/2ρ
 r0

0
2πru3dr − 1/2ρCp

 R

r0
2πru3dr


= (R2U3

0 )
−12(1 − Cp)

 R

0
ru3dr −

 r0

0
ru3dr


(38)

Using Eq. (31) and the Tollmien fit function (Eq. (18)), the wind
power ratio may be rewritten as:

χT =
2(1 − Cp)

R2


um

U0

3  R

0
r[Exp(−0.697η2)]3dr

−

 r0

0
r[Exp(−0.697η2)]3dr


, (39)

or:
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, (40)

and simplified to:

χT = 9.567(1 − Cp)
R
x


1 − Exp


−209

R2

x2


−


1 − Exp


−209

r20
x2


. (41)

Similarly, we may obtain the wind power ratio using the
Goertler fit function (Eq. (27)) as follows:

χT = 10.931(1 − Cp)
R
x


1 − Exp


−183

R2

x2


−


1 − Exp


−183

r20
x2


. (42)

With a hub radius of r0 = 0.1R and Cp = 0.4, the wind power
ratio,χT , is comparedwithχ in Figures 9 and 10, using Eqs. (41)
and (42), respectively.

As observed in Figures 11 and 12, the pair curves of power
ratios, with and without a wind turbine, will merge at larger
distances from the jet exit, still keeping up with their gap
ratio. For instance, the core of a jet with 1 m radius loses
40% of its energy, due to the wind turbine, at distances of 9
and 10 m (Figures 11 and 12) and nearly the same 40% at a
distance of 20 m from the jet exits. The Goertler based relation

Figure 11: Wind power ratio for fully developed turbulent jets using Tollmien’s
profile; with (lower curves) and without (upper curves) encounter of a wind
turbine.

Figure 12: Wind power ratio for fully developed turbulent jets using Goertler’s
profile; with (lower curves) and without (upper curves) encounter of a wind
turbine.

(Eq. (41)) is slightly superior compared to the Tollmien based
relation (Eq. (40)) in predicting the length of undeveloped
region, using Eq. (4). Moreover, faster power loss occurs for
smaller diameter jets.

3.3. Effects of hub diameter in wind power ratio

The effects of rotor hub diameter are generally ignored in
calculating the power generated bywind turbines. For a circular
turbulent jet radius of R = 0.5 m, the effects of hub diameters
are investigated, as shown in Figure 13. The wind power can be
decreased by as little as 2%–3% for hub ratios, r0/R = 0.01−0.1,
to considerably higher values of 15%–23%, for r0/R = 0.3–0.4.
Therefore, the design of the rotor hub and its dimensions should
not be overlooked in order to improve power generation and
the performance of a wind turbine.

4. Conclusions

The structure of turbulent circular jets is studied for
modelling an open jet facility with a large diameter and high
Reynolds number. In this study, the jet was assumed fully
developed and a parametric study was conducted based upon
jet diameter and the distance from the jet outlet. Tollmien
and Goertler type velocity profiles were modelled using some
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Figure 13: Effects of wind turbine rotor hub diameter on the power ratio for
fully developed turbulent jets using Tollmien type profile.

Gaussian fit functions. Analytical relations were derived to
calculate the wind power of the fully developed circular
turbulent jet, based on some experimental correlations and the
Gaussian fit functions. It is found from this study that:

1. The Gaussian fit functions have accurately modelled jet
flows in better agreement with experiments.

2. Analytical expressions were derived for wind power ratios
based upon the jet radius and the distance from the jet
outlet.

3. A comparison was made between power ratio values using
Tollmien and Goertler type profiles. Bothmethods produced
similar trends of decreasing wind power by distance. The
length of undeveloped region is slightly better predicted
using the Goertler type relation. It is also observed that the
wind power dissipation rate is faster for smaller diameter jet
flows.

4. Analytical expressions were derived for the wind power
ratio, based upon the wind turbine power coefficient, hub
diameter, jet diameter and the wind turbine distance from
the jet outlet.

5. For a specificwind turbine hub ratio and power coefficient, it
is observed that thewind power ratios, with andwithout the
wind turbine, keep up with the gap ratio. It is also observed
that the hub diameter can contribute considerably to the
power loss in a wind turbine.

6. From the current study, it is concluded that if small wind
turbines are misplaced in the fully developed region of an
open jet, they may generate lower power than rated power
at rated speed. A cup anemometer output becomes more
erroneous if misplaced during testing.

Finally, this study continues to formulate wind power ratios
in undeveloped regions of circular turbulent jet flows and to
consider the effects of jet swirl for better predicting the power
performance of wind turbines. Moreover, non-uniform velocity
distribution in the fully developed region of a jet may affect
the aerodynamic performance of a wind turbine, particularly in
the region near to the blade tip, which requires further analysis
and/or CFD simulations.
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